Railway power systems operating at a nominal frequency below the frequency of the public grid (50 or 60 Hz) are special in many senses. One is that they exist in a just few countries around the world. However, for these countries such low frequency railways are a critical part of their infrastructure.
Introduction
Low-frequency AC railways exist only in six countries: Austria, Germany, Switzerland, Norway, Sweden and in the (North East of the) U.S. [1, 2] .
As the frequency in the railway is different from the public grid, frequency conversion is needed [2, 3] . The conversion can be done by using Motor-Generator sets, also called Rotary Frequency Converter (RFC).
Such an RFC consists of a three-phase motor and a single-phase synchronous generator mounted on the same mechanical shaft.
In Austria, Germany and Switzerland a double-fed induction motor is used, allowing active power to be controlled [2, 3, 4] . The active power supplied by the RFCs follows an active-power-frequency droop characteristic [4] .
In Sweden, Norway and the North Eastern U.S. the motor is of synchronous type and therefore the railway grid is synchronous to the three-phase public grid. Active power through an RFC with synchronous motor is dependent on the angle difference between the three-phase public grid and the single-phase low-frequency railway grid of 16 2 3 Hz (Sweden, Norway) or 25 Hz (North Eastern U.S.) at the RFC locations.
A very limited amount of previous published work has been done on electromechanical stability of low-frequency railways that are synchronous with the public grid.
Small-signal studies on the Norwegian synchronous low-frequency railway grid have been performed in [5, 6, 7, 8] . It was found from those studies that one of the most commonly used RFCs has a poorly damped eigenfrequency that could be excited by modern locomotives, which could lead to system instability. Those studies either use the classical model (which is essentially a constant electromotive force (emf) behind a transient reactance) for each of the two synchronous machines, or the commercial software Simpow for simulations with higher order synchronous machine models.
In [9] a transient stability assessment is done for the low-frequency railway grid of the North Eastern U.S. No models of RFC were presented in that study as the commercial software PSLF from GE was used.
Reference [10] uses the classical model of a synchronous machine to investigate the transient stability of the Northern part of the Swedish railway system in the end of the 1980's.
There are only a small number of commercial software packages available that simulate dynamics of low-frequency railways that are synchronously connected to the public grid. Furthermore the models used in such software are not published. Thus, complete electromechanical model descriptions of RFCs as part of low-frequency railway grids is non-existent in the literature.
With increased traffic and with more advanced train control, there is a need for stability studies to increase the understanding of low-frequency railway grids under different scenarios, such as faults or the impact of different The aim of this paper is to present a high order synchronous-synchronous RFC model that can be used for transient stability studies. The established 6:th order Andersson-Fouad synchronous machine model [11, 12, 13] is used to describe the dynamics of motor and generator of an RFC. The behaviour of the RFC model is shown in two transient stability studies: a study in which only one RFC is feeding a catenary section (single feeding mode); and a study in which two RFCs are feeding the a catenary section (interconnected mode).
The studied results give an insight in the transient stability of synchronously connected low-frequency railway grids.
The remainder of this paper is organised as follows: Section 2 presents both steady state and the proposed dynamical model of an RFC. Section 3 presents the interfacing of the dynamic RFC machine model to the static grid model for performing the intended electromechanical transient stability studies. The electromechanical transient stability case studies using the proposed RFC model from Section 2 and 3 are presented in Section 4. The results are presented in Section 5 and in Section 6 the conclusions are summarized.
RFC model
The motors and the generators of the RFCs in the Norwegian and Swedish low-frequency railway grids of 16 2 3 Hz are all salient pole synchronous machines [10, 14] . The three-phase motor has p m ∈ 2·N magnetic poles, whereas the single-phase generator has p g = p m 3 ∈ 2 · N magnetic poles. Thus, it is needed that p m ∈ 6 · N magnetic poles. The result is that the electrical frequency induced in the stator of the single-phase generator is exactly one third of the frequency in the three-phase public grid of 50 Hz in steady state, that is 16 2 3 Hz. Since the models work in per-unit angular frequencies, the exact number of poles in the machines is not of relevance for the computations, but in the Scandinavian system the motors have 12 poles (6 pole pairs), and the generators have 4 poles (2 pole pairs) [14] .
Steady-state model
From electrical machine theory [11, 15] it is known that the load angle of a salient pole machine
where X q , P , |U | and Q are the quadrature reactance, generated/consumed active power, terminal voltage magnitude and generated/consumed reactive power in p.u., respectively. The subscript is used to make Equation (1) a generalized expression for motors as well as generators. The load angle defined as in Equation (1) is valid under the assumption that the machine resistance is neglected, which is justified by the fact that the resistance is much smaller than the reactance. In the remainder of this paper, it is for simplicity assumed that the RFCs are lossless.
When an RFC is loaded on the railway grid (generator) side, the total resulting negative (confer Equation (9)) voltage phase angle shift between the points of common connection of the motor and the generator is the sum of the load angles of the motor and the generator. The voltage phase shift expressed in 16 2 3 Hz angles
where the superscripts m and g stands for motor and generator, respectively.
Positive active power demand on the railway side results in the generated active power of the RFC generator,
which means that the generator operates in generator mode. At the same time, the generated active power of the RFC motor
which means that the motor operates in motor mode. With the assumption that the RFC is lossless,
holds.
For the simplicity of modelling, the step-down transformer leakage reactance of the motor X m T (confer Table 1 ) is added to X m q in order to redefine X m q according to,
and the step-up transformer leakage reactance X g T of the generator is added to X g q in order to form a new redefined X g q in the same way as Equation (6) for the motor.
As active power flows from the public grid to the railway grid, the terminal angle of the single-phase generator will fall relative to the angle θ m 50 on the three-phase grid to which the motor is connected. This angle drop takes place in two steps; first
and secondly
where δ m denotes the per-unit mechanical angle of Equation (34). The angle δ m also represents the electrical angle of the RFC's rotor expressed in the 16 2 3 Hz grid frame. Therefore, putting Equations (2), (7) and (8) together, the terminal angle of the generator
At the railway grid side, the voltage magnitude |U g | after the step-up transformer is controlled as
where U 0 is the no-load voltage. In addition, K U in Equation (10) is a droop coefficient which is scaled to the RFC single-phase generator rating. The use of such a scaled droop coefficient K U results in reactive load sharing between the different active RFCs in a converter station [16] .
On the three-phase side; there are according to [17] three control options:
1. the terminal voltage at the bus of common connection is controlled to a constant value, 2. the reactive power of the motor is controlled to a constant value, or 3. the power factor of the motor is controlled to a constant value,i that can be used. Since the models proposed and applied in this paper assumes an infinite bus connecting to the motors, the resulting control in steady-state will in practice be both options 1 and 2 in the list above, with voltage U m controlled to 1 p.u. and reactive power Q m G controlled to 0 p.u. Dynamically, however, none such control takes place, since it is not needed.
During the transient, the reactive power of the motor will fluctuate a bit until it stabilizes at 0 again.
Dynamic model

The mechanical equations
The mechanical shaft to which one RFC's both synchronous machines are mounted on is assumed to be mechanically stiff. That assumption implies that the rotors of both machines in one RFC rotate at the same speed.
The load torque of the synchronous motor is the input to the synchronous generator. This results in the swing equation of an RFC to be
where J m and J g denote the moments of inertia of motor and generator, respectively. Moreover, ω m stands for the mechanical angular frequency, whereas T m and T g stand for the electromagnetic air gap torques of motor and generator, respectively.
The electrical part of the machine model proposed in this paper and presented in Section 2.2.2, includes the effects of damper windings. Mechanical damping caused by windage and friction is assumed to be small and is therefore neglected.
A synchronously rotating reference frame with a constant mechanical angular frequency, ω sm , is chosen as angular reference, so that the mechanical rotor angle (that is, the angular displacement of the rotor with respect to a stationary axis on the stator),
where δ m (t) is the angular position with respect to the chosen synchronously rotating reference frame ω sm . The velocity (that is, the angular frequency) of the rotor (confer to Equation (11)),
relative to the synchronously rotating reference frame. In addition, the acceleration of the mechanical rotor angle
The total moment of inertia of the RFC,
and J mg as expressed in terms of the per unit inertia constant H mg becomes
In Equation (16), S B denotes the base power used and S B is numerically defined in Table 2 . Inserting Equation (16) in Equation (11) and multiplying with the mechanical angular speed yields
Reformulating Equation (17) and expressing it in p.u. results in
Moreover, Equations (13) and (18) can be transformed to the state space form,
where
is the speed deviation of the rotor from the synchronously rotating reference frame, ω sm .
Note that the torque of a motor is defined positive for consumption, whereas the torque of a generator is defined positive for generation. Since this paper consequently treats all machine powers as generated powers, the positive motor torque in Equation (17) multiplied by the mechanical angular frequency ω m (t) becomes a negatively signed power, that is −P m p.u. (t), in Equations (18) and (20) . The air gap powers in Equations (18) and (20) generated in the motor
and the generator
respectively, because of the assumption of lossless machines. The mechanical rotor angle (to be stringent; the angular position with respect to ω sm ), δ m , is multiplied by the number of pole pairs p g 2 and p m 2 to obtain the electrical rotor angle in the 16 2 3 Hz and the 50 Hz electrical frames, respectively.
The electrical equations
The 6:th order Andersson-Fouad model [11, 12, 13 ] of a synchronous machine is used to describe the links between stator fluxes, stator currents and field voltages. Such a machine model considers the dynamics of the damper windings and is suitable to be used for stability studies [13] . For simplicity magnetic saturation is neglected.
The time derivative of the transient emf in the direct axiṡ
however, the synchronous machines are of salient pole type, which implies that
according to [11, The air-gap powers of both synchronous machines of an RFC are:
Dynamic RFC model
With Equations (19), (20) and (26) to (33), a total of eight first order differential equations and two algebraic equations are obtained to describe the dynamics of an RFC excluding the excitation system model. There are 8 differential equations since 2 machines with 5:th order models are considered, but they share the mechanical properties in Equations (19) and (20) (5+5-2 = 8).
Excitation system
To control the voltage magnitude after the step-up transformer on the railway side, the RFC generator is equipped with an excitation system. The inputs are the calculated voltage magnitude reference |U | ref and the measured voltage magnitude |U g |. Deviation from the calculated voltage reference value causes that the excitation system to adjust the field voltage E g f of the RFC generator.
On the motor side, the voltage magnitude or reactive power is controlled to a constant reference value. If there is a deviation from the reference value, the excitation system of the motor will adjust the field voltage E m f . For modelling purpose, any of the standard models of excitation systems from [18] can be used on the RFCs motor and generator, respectively.
Model for electromechanical transient stability studies
The stator voltages of each machine are expressed in their own dq rotating reference frame for that machine. This reference rotates independently from other machines of the system.
The electrical equations of the three phase public grid are expressed in a common 50 Hz Re-Im reference frame. The subscript a 50 and b 50 stands for real and imaginary part of that reference frame, respectively. The electrical equations of the railway grid are also expressed in common Re-Im reference frame, but rotating at 16 2 3 Hz. The subscript a The transformation matrix T is used to transform the motor and generator stator quantities from a 50 Hz or 16 2 3 Hz reference frame to the rotor reference frame of the particular RFCs motor and generator, respectively.
The transformation matrix,
where p is the number of poles of the particular machine considered. Note that T is orthogonal and the same matrix is used for backward and forward transformations.
If p = p g in Equation (34) the transformation matrix T is denoted as T g , and used to transform the dq rotor variables of the generator to the 16 2 3 Hz frame of the railway grid and the other way around. The transformation matrix T is denoted as T m if p = p m , and used to transform the dq rotor variables of the motor to the 50 Hz reference frame.
Consider a synchronous railway system as shown in Figure 1 . All RFCs motor are connected to infinite buses, where the voltage U 50 is set to one p.u. and the voltage phase angle θ 50 is set zero and is constant. This assumption is justified as several connection points in the public grid where the RFC are connected to are strong. The i:th RFC motor is then implemented as a voltage source E m i = E m d,i + jE m q,i in the dq rotor reference frame of the motor.
On the railway side, the i:th RFC generator is connected to the railway grid as an equivalent Norton current source,Ī g N,i . The voltages E g d,i and E g q,i of the i:th RFC generator are transformed from the dq reference of generator into the 16 2 3 Hz reference frame, and in that frame the injected Norton current is calculated according to As X d = X q for both of the RFC machines and loads are expressed as admittances, a linear load flow is used. The voltages of the railway grid are calculated in the 16 2 3 Hz common Re-Im phasor frame as:
Solving Equations (19) , (20) , (26) to (33) and (37), the current of the i:th
RFCs generator and motor in the dq frame, respectively is
Active and reactive power injected by the i:th generator of the RFC into the railway grid is computed as:
Active and reactive power of the motor injected by the i:th motor of the RFC into the 50 Hz grid is computed as:
The computational structure of i:th RFC connected to both the railway grid and public grid is shown in Figure 2 .
The electrical rotor angles of the motors are referred to the constant 50
Hz angle θ 50 of the infinite bus. The electrical rotor angles of the generators in interconnected mode can be referred to any of the other RFC generator on the railway grid side or the angle of the 50 Hz side.
Modelling discussion
In the overall modelling, transients associated with power/current flows in the railway grid and the public grid are assumed to have a fast decay time, so that a QSS (Quasi Steady-State) [20, 21] approach is used. As grid transients are neglected, the stator transients of the RFC machines have to be neglected [22, 11] .
The negligence of stator transient introduces a conservatism to the model, as rotor speed deviation is increased [22] . One should however proceed with care regarding the implications of this negligence for RFC-fed synchronously operated (single-phase) low frequency railway grids, since so many operating conditions differ from public transmission grids fed by thermal or hydropower generators. For example, the mechanic power of the generator shaft is provided by another synchronous machine for synchronous-synchronous railway systems.
As recommended in [11, 22] , also the rotor speed deviations are neglected in the stator equations. According to [22] , this is not mainly done to make computations faster, but rather to counterbalance the effect of stator transients being neglected, considering the low-frequency rotor oscillations.
Cases studies
To investigate and characterize the behaviour of RFC model dynamics under a fault in the railway grid, the following cases have been studied
• Case 1: A single RFC feeding a catenary section (Single feeding mode), see Figure 3 , is simulated to understand the dynamic behaviour of an RFC by itself.
• Case 2: Two RFCs feeding a catenary section (Interconnected mode), see Figure 4 , are simulated to understand the dynamic interactions between a pair RFCs, one in each converter station.
The systems are investigated during no-load situation to avoid influence from the load. The system is disturbed by applying a balanced fault at 10 km from RFC 1. The fault is initiated at 1.8 seconds and cleared after 200 ms.
One of the most common RFC types used in Sweden is Q48/Q49. This type of RFC has been chosen for the studies to investigate the RFC model behaviour. Data about Q48/Q49 is given in Table 1 . An equivalent impedance of the Booster Transformer (BT) catenary based on [23] is used, see Table 2 .
The pre-fault conditions are obtained by a load flow calculation using parts of the software Train Power System Simulator (TPSS) presented in [24] . TPSS uses GAMS [25] and MatLab to model and solve load flows in phasor domain for low-frequency railway power systems synchronously connected to the public grid. way system are equipped with brushless excitation systems. The AC5A [18] excitation model of such an excitation system provided by MatLab Simulink has been used.
4.2%
The model presented of an RFC in Section 2 and its interface to the public grid and the railway grid represented in Section 3 has been implemented and simulated in MatLab Simulink, where the RFC dynamics and the electrical networks equations are solved. The fixed step solver ode4 (Runge-Kutta algorithm) is used, with a step size equal to 1 ms.
Oscillation frequencies of various power system variables are determined for both of the cases described above in this section. Oscillation frequencies are presented together with other important simulation results in Section 5.
An oscillation frequency is a simple measure to quantify a dynamic behaviour of a machine, an other component, or a system as a whole. By studying oscillation frequencies, one may get a rough picture of RFC and power system transient behaviour.
To estimate the average frequency of an oscillation, an average of four to ten consecutive estimated values of the oscillation frequency f osc is used.
The oscillation frequency f osc between two peaks of a graph obtained from the simulations,
where ∆t is the time difference between the peaks of the graph. The peaks are found by using the Peak Finder tool in MatLab Simulink.
Results
Case 1
At fault initiation, the voltage at the railway side drops to approximately 0.40 p.u. and decays further during the fault, see Figure 5 . The impedance seen from the RFC to the fault location has an X/R ratio equal to one.
Therefore the RFC generator will supply both active and reactive power during the fault. As active power increases suddenly at fault initiation, the RFC motor will see an increase in load. However, due to the inertia of the RFC machine the rotor speed and the three-phase active power will increase gradually as seen in Figures 6 and 7 .
Based on the simulations, the average rotor oscillations is 1.96 Hz. The three-phase power of the motor and rotor angle oscillates with the same frequency against the 50 Hz grid. This type of oscillations can be expected for single synchronous machine at a power station which swing against a large power system according to [26, 27] . On the single phase side, as there is no other machines or infinite bus, the induced voltage vector of the RFC generator and the railway grid voltage vector have the same speed.
In Figure 8 , the relative rotor angle is plotted against time and rotor speed oscillation. Both relative angle and rotor speed oscillation goes to zero, showing that the system is stable.
Case 2
During the fault, the rotor speed of RFC 1 drops more than the speed of RFC 2, as the fault current provided by RFC 1 generator is higher than The simulations show that the rotor speed oscillation of RFC 1 and RFC 2 has an average frequency of 1.96 Hz as seen in Figure 9c . The three-phase powers will oscillate at 1.96 Hz for both RFC, see Figure 9d . This is in line with Case 1, as the both RFCs are of the same type. As in Case 1, the three-phase power consumed by each individual RFC motor lags the single-phase active power generated by the RFC generator, see Figure 9 .
The simulation shows also that the reactive power oscillates with a fre- Q g G,RFC2
(d) Zoom of reactive power. 
Conclusions
An open high order electromechanical dynamical model of an RFC has been developed by using well established synchronous machine models. The model is suited for electromechanical stability studies of low frequency railway grids that are synchronously connected to three-phase public grids.
Numerical studies in the phasor domain have been performed, to graphically explain and illustrate the behaviour of the proposed RFC model, using data for one of the most common RFC models (the Q48/Q49) used in Sweden. The case studies include both single feeding of a catenary section and two-sided catenary feeding (that is, the simples way that a railway power system can be operating in interconnected mode). The two basic cases of feeding a railway together facilitates illustrating many important aspects of the RFC behaviour in simple manners. From the modelling and the case studies done, it can be concluded that the three-phase active power lag the single-phase active power, in line with [8] , as the inertia of the RFC will The open models presented in this work constitute an important step in the work for ensuring the future reliability and stability of low-frequency rail-ways, an important societal asset. The high order RFC model in this paper is the first of its kind presented in the academic literature. Its implementation for stability studies done in this paper provide an open starting platform, which can be used for education and future research of low-frequency railway grids synchronously connected to three-phase public grids.
